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Abstract

In this study, predictions of buoyancy-assisted ¯ow reversal and convective heat transfer in the entrance region of a vertical

rectangular duct are reported for the ®rst time. In line with the current trend toward the use of computationally e�cient numerical

methods, the present study is based on the use of a three-dimensional parabolic, boundary-layer model and the FLARE approx-

imation. Physical situations investigated include cases with various asymmetric heating conditions over wide ranges of parameters.

Analytical solutions for the fully developed ¯ows are also presented, and the criteria for the ¯ow reversal to occur are predicted.

Solutions for the developing ¯ow obtained in this study agree closely with the elliptic-model solutions, and precisely approach the

fully developed solutions downstream. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Mixed convection heat transfer associated with ¯uid ¯ow in
vertical channels is a topic of continuing interest to the re-
searchers owing to relevance to heat exchangers and electronic
equipment. A buoyancy-assisted ¯ow reversal phenomenon
having profound in¯uence on the ¯ow instabilities and heat
transfer in the channels has received attention in a number of
recent reports. El-Shaarawi and Sarhan (1980) and Aung and
Worku (1986a,b) presented numerical and theoretical solu-
tions for the thermal and ¯ow ®elds in parallel-plate channels.
The criteria for ¯ow reversal to occur can be determined based
on the solutions proposed by Aung and Worku (1986b). Cheng
and Yang (1994) investigated a similar problem in a channel
with a series of ®ns attached on one channel wall, and evalu-
ated the in¯uence of ¯ow reversal on the heat transfer char-
acteristics of the ®ns. Iqbal and Aggarwala (1971) presented
the analytical solution for fully developed ¯ow in a vertical
rectangular duct with an axially constant heat ¯ux condition.
More recently, Cheng et al. (1995, 2000) extended the analysis
to higher-Grashof-number regime and observed buoyancy-
assisted reversed ¯ow.

A number of experimental reports concerned with the
buoyancy-assisted reversed ¯ow are available. For example,
Morton et al. (1989) performed an experimental study and
investigated this phenomenon for laminar pipe ¯ow. Lately,
this phenomenon was further studied experimentally by Gau
et al. (1992) for the ¯ow in an asymmetrically heated vertical
parallel-plate channel.

Note that the nature of the ¯ow in a vertical rectangular
duct is inherently three-dimensional. Increasing attention is
drawn to three-dimensional ¯ow-reversal problems since the
information of three-dimensional ¯ow is important in practical
applications. However, physical understanding in three-
dimensional ¯ow reversal is still limited because these ¯ows are
more complicated to analyze than two-dimensional ones. To
the authors' knowledge, the numerical studies performed by
Cheng et al. (1995, 2000) comprise the only published reports
dealing with three-dimensional buoyancy-assisted mixed con-
vection and separated ¯ow in rectangular ducts.

To investigate internal ¯ows with ¯ow separations, atten-
tion is usually given to elliptic-type Navier-Stokes models for
numerical computation. However, as shown by many authors,
including Ingham et al. (1988), Vasilev (1994), and Cheng et al.
(1995), the parabolic-type boundary-layer model coupled with
a FLARE approximation has proven to be useful. More
recently, direct comparisons between the parabolic and the
elliptic models for predicting two-dimensional and three-
dimensional ¯ows separations have been performed by Cheng
et al. (1997, 2000). A good agreement between the parabolic-
and the elliptic-model solutions has been found, and the results
also show that the computer time and computation e�orts
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required for the parabolic boundary-layer model are at least an
order of magnitude less than those for the the elliptic model.
The reduction in computer time and e�orts is particularly
signi®cant for three-dimensional ¯ow analyses.

The FLARE method, ®rst proposed by Reyhner and Flu-
gge-Lotz (1968) for the two-dimensional ¯ow analysis, in es-
sence suggests that in the negative-axial-velocity-component
regions, the axial convective term uou=ox in the two-dimen-
sional boundary layer momentum equation may be repre-
sented by C j u j ou=ox, where C is zero or a small positive
constant and u is just the axial velocity component. In this
study, the parabolic boundary-layer model and the FLARE
approximation is extended and applied to extensively evaluate
the e�ects of heating condition on the ¯ow pattern of three-
dimensional buoyancy-assisted ¯ow reversal and heat transfer
in a vertical rectangular duct. Physical parameters, including
the Prandtl number (Pr), the buoyancy parameter (Gr=Re),
and the aspect ratio of the cross-section of the duct (B), are
varied in wide ranges. For validation, the elliptic-model solu-
tions for several typical cases are considered. Closed-form
solutions for the fully developed ¯ows under various heating
conditions are also carried out. Based on the analytical solu-
tions, the criteria for the occurrence of ¯ow reversal for vari-
ous heating conditions are predicted.

The present study is motivated by the fact that the pre-
dominant majority of engineering computations is now carried
out on small, stand-alone computers and hence, the search for
e�cient computation schemes is more relevant than ever.

As shown in Fig. 1, ¯uid enters a vertical rectangular duct of
cross-section area x0 � y0 at ambient temperature �TL� with
uniform velocity �w0�. The ¯ow traverses upwards and is
heated by the hotter wall at TH in a buoyancy-assisted situation.
Four possible asymmetric heating conditions, namely, Cases a±
d, are considered in this study. As shown in Table 1, these four
heating conditions include one-wall, two-wall and three-wall
heating situations. In certain circumstances, for instance when
the heating is su�ciently intense, ¯ow reversal may occur inside
the duct. The physical situation shown in Fig. 1 is actually a
one-wall heating condition (Case a). The fully developed region
is ®nally reached after a development length; therefore, the
numerical solutions for the ¯ow and temperature ®elds in the
entrance region should in principle approach asymptotically
the fully developed solutions downstream.

2. Theoretical analysis

The ¯ow is considered to be steady and laminar. The ¯uid
properties are assumed to be constant except for the density in
the buoyancy term of the momentum equation for the vertical
direction. The mathematical formulation of three-dimensional,
boundary-layer model for a Boussinesq ¯uid is expressed in
dimensionless vector form as

Notation

B aspect ratio � y0=x0

g gravitational acceleration
Gr Grashof number � gb�TH ÿ TL�y3

0=m
2

Nux local Nusselt number on wall surfaces at Y � 0 or
Y � 1; see Eq. (8a)

Nuy local Nusselt number on wall surfaces at X � 0 or
X � 1; see Eq. (8b)

Nu average Nusselt number on wall; see Eqs. (9a) and
(9b)

p cross-sectional pressure
p cross-sectional mean pressure
P dimensionless cross-sectional pressure; see Eq. (2)
P dimensionless cross-sectional mean pressure; see

Eq. (2)
Pr Prandtl number
Re Reynolds number � w0y0=m
T ¯uid temperature
u; v transverse velocity components in x- and y-direc-

tions

U ; V dimensionless transverse velocity components; see
Eq. (2)

w axial velocity component in z-direction
w0 average axial velocity
W dimensionless axial velocity component; see Eq. (2)
x; y; z rectangular coordinate system
x0; y0 length and width of cross-section of duct
X ; Y ; Z dimensionless coordinate system; see Eq. (2)

Greeks
a thermal di�usivity of ¯uid
b coe�cient of volumetric expansion of ¯uid
h dimensionless ¯uid temperature; see Eq. (2)
m kinematic viscosity of ¯uid
q ¯uid density

Subscripts
H hotter wall
L ambient condition/colder wall
s separation point

Fig. 1. A vertical rectangular duct with one-wall heating (Case a).
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r � ~V � ÿ oW
oZ

; �1�

r � �~V U ÿrU� � ÿ oP
oX
ÿ o�WU�

oZ
; �2�

r � �~V V ÿrV � � ÿ oP
oY
ÿ o�WV �

oZ
; �3�

r � �~V W ÿrW � � ÿ dP
dZ
� Gr

Re
hÿ C j W j oW

oZ

�
ÿ W

oW
oZ

�
ÿ oW 2

oZ
; �4�

r � ~V h

�
ÿ 1

Pr
rh

�
� ÿ C j W j oh

oZ

�
ÿ W

oh
oZ

�
ÿ o�W h�

oZ
; �5�

where the cross-sectional velocity vector (~V ) and the operator

(r) are de®ned by ~V � U~i� V~j and r � �o=oX �~i� �o=oY �~j,
respectively.

These above dimensionless parameters have been de®ned as

X � x=x0; Y � y=y0; Z � z=�y0Re�; B � y0=x0;

U � uy2
0=�mx0�; V � vy0=m; W � w=w0; P � py2

0=�qm2�;

�P � ��p ÿ pL�=�qw2
0�; h � �T ÿ TL�=�TH ÿ TL�: �6�

In the above, pL is the ambient pressure, and dP=dZ is the
streamwise gradient of the dimensionless mean pressure.

The terms in the parentheses on the right-hand side of Eqs.
(4) and (5) are introduced by the FLARE method. The value C
is assigned to be zero or a small value at the nodal points of
computation with W < 0. Thus, the magnitude of the axial
convective term is arti®cially adjusted with the constant C for

the negative-W areas. However, for points with W > 0, C is set
equal to 1.0; therefore, for these points the terms in the pa-
rentheses on the right-hand side of Eqs. (4) and (5) vanish.

Boundary conditions at the inlet can be written as

U � V � 0; W � 1; �P � 0; h � 0 at Z � 0: �7�
On the other hand, on the solid walls, the no-slip condition

is speci®ed for all velocity components. For the heated walls,
the value of h is equal to unity, while for the lower-temperature
walls, h � 0.

3. Numerical solutions for developing ¯ows

The computation for the developing region starts from the
inlet at Z � 0, and then is advanced continuously in the axial
direction. By following this axial marching procedure, the
solutions at each cross-section are obtained by using the
known values at the previous cross-section. When the fully
developed ¯ow region is reached, the computation is termi-
nated.

The axial pressure gradient dP=dZ is adjusted iteratively to
make axial velocity pro®le W �X ; Y ; Z� satisfy the overall mass
conservation at each cross-section, as described by Patankar
and Spalding (1972) and Ramakrishna et al. (1982). When
reversed ¯ow occurs, however, some modi®cations for the it-
eration scheme are required. Further information about these
solution methods is provided by Cheng et al. (2000).

3.1. Flow and temperature ®elds

Fig. 2 shows the distributions of axial velocity component
(W) at di�erent axial locations by using the contour lines, at
B � 0:5, Gr=Re� 100, and Pr � 0:71, under various heating
conditions. The shaded walls indicate the heated walls. It is
noticed that the ¯uid near the hotter walls is accelerated by the
buoyancy force. Consequently, the reversed ¯ow is ®rst found
at corners adjacent to the cold walls. The reversed ¯ow grows
gradually in axial direction and then occupies an extent of the
low-temperature zone. In this particular situation, it is obvious
that Cases c and d result in stronger reversed ¯ows than Cases
a and b.

Fig. 3 displays the development of axial velocity compo-
nent, temperature distribution �h�, and transverse ¯ow pattern,
for a square duct �B � 1� under heating condition Case c, at
Gr=Re� 200 and Pr � 0:71. The temperature ®eld is indicated
by the isothermal lines and the transverse ¯ow pattern is il-
lustrated with the cross-sectional velocity vectors formed by
tranverse velocity components U and V. The movement of the
¯uid toward the hotter walls is clearly observed from the
transverse velocity vector plots. However, these transverse
velocity components of ¯ow diminish rapidly as the ¯uid goes
downstream. The development of the thermal boundary layers
on the hotter walls can also be observed in this ®gure. Note
that a pure-di�usion thermal ®eld is asymptotically established
at Z !1.

E�ects of Prandtl number on the development of the axial
velocity and temperature pro®les at the middle plane
(X � 1=2), for B � 1 and Gr=Re � 300 under heating condi-
tion of Case a are shown in Fig. 4. The data of W and h at
di�erent axial locations are provided. The Prandtl number is
assigned to be 0.71, 4 and 7. It is clear that the negative-ve-
locity area appears at a location closer to the inlet for the ¯uid
with lower Prandtl number. On the other hand, lower Prandtl
number causes a thicker thermal boundary layer in the de-
veloping region so as to reduce the local heat transfer rate on
the hotter wall. It is noticed that the curves of W and h at

Table 1

Heating conditions

C.-H. Cheng et al. / Int. J. Heat and Fluid Flow 21 (2000) 403±411 405



Z !1 exactly approach the analytical solutions for the fully
developed ¯ow, which will be discussed later. Also notice that
the fully developed velocity and temperature pro®les are in-
dependent of the Prandtl number.

Attention is now drawn to the location of separation point
�Zs�. Table 2 shows the dependence of Zs on the parameters Pr,
B, and Gr=Re, for the one-wall heating situation, Case a. It is
found that the separation point appears at a location closer to
the inlet for the ¯uid with lower Prandtl number. Meanwhile,
as the value of B is elevated, the threshold value of Gr=Re for
separation to occur is increased.

3.2. Pressure variation and heat transfer

Variation of the cross-sectional mean pressure in z-direc-
tion is shown in Fig. 5. In Fig. 5(a), the heating condition e�ect
is evaluated at B � 1, Gr=Re � 200 and Pr � 0:71. It is found
that ÿP achieves a maximum value within the duct, and an
adverse pressure gradient is formed downstream. The adverse
pressure gradient is a driving force that leads to the reversed
¯ow. The in¯uence of buoyancy on the pressure variation is
shown in Fig. 5(b), at B � 1 and Pr � 0:71 under the same
heating condition Case c.

The solutions for temperature distribution are used to cal-
culate the local heat transfer rates on the walls. Local Nusselt
number, Nux, denoting the dimensionless local heat ¯ux on the
wall at Y � 0 or Y � 1 is de®ned by

Nux � y0

TH ÿ TL

oT
oy

���� ���� � oh
oY

���� ����: �8a�

Similarly, local Nusselt number on wall at X � 0 or
X � 1; Nuy , is given by

Nuy � y0

TH ÿ TL

oT
ox

���� ���� � B � oh
oX

���� ����: �8b�

Nux and Nuy are functions of X and Y along the wall surface,
respectively, and may be calculated at each cross-section in
z-direction. Integration of Nux and Nuy yields the average wall
Nusselt numbers on the walls. That is,

Nu � 1

x0

Z x0

0

y0

TH ÿ TL

oT
oy

���� ����dx �
Z 1

0

Nux dX �9a�

for walls at Y � 0 and Y � 1. And similarly,

Nu � 1

y0

Z y0

0

y0

TH ÿ TL

oT
ox

���� ����dy �
Z 1

0

Nuy dY �9b�

for walls at X � 0 and X � 1. Data of Nu at di�erent cross-
sections indicate the axial variation of heat transfer on the
walls.

Distributions of local Nusselt numbers on all the four walls,
determined by equations (8a) and (8b), and their variation in
z-direction are shown in Fig. 6. In this ®gure, the case with
B � 1, Gr=Re� 200 and Pr � 0:71 under heating condition

Fig. 2. Developing axial velocity distributions (W) at B � 0:5; Gr=Re � 100, and Pr � 0:71, under various heating conditions.
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Case d is investigated. For each of the four walls, highest local
Nusselt numbers are found at the inlet, and the Nusselt
numbers asymptotically approach minimum values at Z !1.

Fig. 7 shows the e�ects of Gr=Re and Pr on the average
Nusselt number (Nu) on the wall at Y � 1 for B � 2 under
heating condition Case a. Notice that under Case a, only the
wall at Y � 1 is heated. In Fig. 7(a), Pr is ®xed at 0.71, whereas
the value of Gr=Re is varied. It is obvious that the average
Nusselt number on the heated wall increases with Gr=Re, but
assumes a minimum, asymptotic value in the fully developed
regime. On the other hand, the Prandtl number of ¯uid is
changed in Fig. 7(b), with Gr=Re ®xed at 900, to evaluate the
Prandtl number e�ect. This ®gure reveals clearly that heat
transfer is appreciably increased as the Prandtl number is
elevated.

Variations of average Nusselt number in the axial direction,
at B � 1; Gr=Re� 200 and Pr � 0:71, under various heating
conditions are shown in Fig. 8. Values of all the four walls for
each heating condition are displayed. The solid and the dashed
lines shown in this ®gure indicate the data of hotter and colder
walls, respectively. Note that in Cases a±c, the hotter walls
always exhibit higher heat transfer rates than the colder walls.
However, for condition Case d, a three-wall heating situation,
the average Nusselt numbers of the three hotter walls are ob-
viously lower than those of the colder wall.

3.3. Veri®cations by elliptic-model solutions

The accuracy of numerical solutions obtained by FLARE
approximation is demonstrated by comparison with the

Fig. 4. E�ect of Prandtl number on the development of axial velocity

and temperature pro®les at the middle plane (X � 1=2), at B � 1 and

Gr=Re � 300, for Case a.

Fig. 3. Development of axial velocity distribution (W), transverse ¯ow

pattern (vectors formed by U and V), and temperature distribution (h)

at B � 1; Gr=Re � 200, and Pr � 0:71, for Case c.

Table 2

E�ects of Pr;B, and Gr=Re on the location of separation point, for

Case a

Pr B Gr/Re Zs

0.71 0.5 50 �

100 0.107

150 0.072

1.0 100 �

200 0.112

300 0.077

2.0 600 �

700 0.157

900 0.097

4.0 0.5 50 �

100 0.467

150 0.287

1.0 100 �

200 0.462

300 0.282

2.0 600 �

700 0.587

900 0.337

* No reversal.
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corresponding elliptic-model solutions. The elliptic model in-
cludes the elliptic-type full Navier-Stokes equations and energy
equation. Computations have been carried out on a staggered
grid system with 26� 26� 101 grids in the x� y � z directions.
Equal grid sizes are used for both elliptic and parabolic
models. More information related to the validation of the
parabolic model has been reported in (Cheng et al., 2000).
Therefore, detailed descriptions about the governing equations
and the numerical methods are not repeated here.

Presented in the left and the right plots of Fig. 9 are the
cross-sectional distributions of axial velocity component (W)
predicted by the parabolic and the elliptic models, respectively.
The ¯ow is subject to heating condition Case a and at B � 1,
Gr=Re� 300, and Pr � 0:71. In Fig. 9, visual inspection shows
that the solutions obtained by FLARE approximation agree
closely with the elliptic-model solutions.

The comparison in the variation of dimensionless pressure
along streamwise direction under various heating conditions,
at B � 1; and Gr=Re � 200, is shown in Fig. 10. The data of
dimensionless cross-sectional mean pressure (P ) are plotted in
this ®gure. On the other hand, the values on the centerline
(x=x0 � 1=2; y=y0 � 1=2) predicted by the elliptic model are

Fig. 8. Variation of average Nusselt number (Nu) on the walls under

various heating conditions, at B � 1; Gr=Re � 200, and Pr � 0:71.

Fig. 5. Variation of mean pressure in axial direction: (a) heating

condition e�ect, at B � 1; Gr=Re � 200, and Pr � 0:71; (b) buoyancy

e�ect, at B � 1 and Pr � 0:71, for Case c.

Fig. 6. Distributions of local Nusselt numbers on the four wall

surfaces and their variation in axial direction at B � 1; Gr=Re � 200,

and Pr � 0:71, for Case d.

Fig. 7. Variation of average Nusselt number �Nu� on the heated wall

under Case a, for B � 2: (a) e�ect of Gr=Re, at Pr � 0:71; (b) e�ect of

Pr, at Gr=Re � 900.
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taken to represent the elliptic-model results. Agreement be-
tween these two sets of data is again found.

3.4. Fully developed ¯ows

In theory, the ¯ow reaches fully developed region after a
su�cient distance from the inlet. When this region is ap-
proached, the distribution of axial velocity component
W �X ; Y ; Z� of the ¯ow becomes invariant in z-direction as the
transverse velocity components, U�X ; Y ; Z� and V �X ; Y ; Z�,
diminish gradually. A pure-di�usion temperature ®eld, which
is independent of the Prandtl number and the main stream
strength, will also be asymptotically developed.

Eqs. (4) and (5) can then be readily reduced to the fully
developed ¯ow equations according to the physical features
stated above. The obtained equations are solved by means of
the method of separation of variables and a superposition
technique. The solutions for W under various heating condi-
tions are carried out as

Case a.

W � Wp � Wh1; �10a�
Case b.

W � Wp � Wh1 � Wh2; �10b�
Case c.

W � Wp � Wh1 � Wh3; �10c�

Case d.

W � Wp � Wh1 � Wh2 � Wh3; �10d�
where

Wp�X ; Y � � dP
dZ

1

2B2
�X 2

�
ÿ X � � W p�X ; Y �

�
�11a�

Whi�X ; Y � �
X1
m�1

Kmi�Y � sin�mpX �; i � 1; 2; 3 �11b�

and

W p�X ; Y � � 4

B2p3

� �X1
m�1

� sinh �2mÿ 1�pB�1ÿ Y �� � � sinh �2mÿ 1�pBY� �
sinh �2mÿ 1�pB� �

� �
� sin �2mÿ 1�pX� �

�2mÿ 1�3
" #

; �12a�

Km1�Y � � Gm

2mpB sinh�mpB�
Gr
Re

�
�
ÿ Y cosh�mpBY � � cosh�mpB� sinh�mpBY �

sinh�mpB�
�
;

�12b�

Km2�Y � � Gm

2mpB � sinh�mpB�
Gr
Re

� Y cosh mpB�1�
�

ÿ Y �� ÿ sinh�mpBY �
sinh�mpB�

�
; �12c�

Fig. 9. Cross-sectional distributions of axial velocity component (W)

under Case a: comparison between the parabolic and the elliptic

models, at B � 1; Gr=Re � 300, and Pr � 0:71.

Fig. 10. Variations of dimensionless pressure along streamwise direc-

tion under various heating conditions, comparison between the para-

bolic and the elliptic models at B � 1, and Gr=Re � 200.
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Km3�X � � Gm

�2mp
B � � B2 � sinh�mp

B �
Gr
Re

� X cosh
mp
B
�1

��
ÿ X �

�
ÿ sinh�mpX

B �
sinh�mp

B �
�
: �12d�

Meanwhile, the solutions for temperature distributions for the
fully developed ¯ows are

Case a.

h � h1; �13a�
Case b.

h � h1 � h2; �13b�
Case c.

h � h1 � h3; �13c�
Case d.

h � h1 � h2 � h3; �13d�

where

h1 �
X1
m�1

Gm
sinh�mpBY �
sinh�mpB� sin�mpX � �14a�

h2 �
X1
m�1

Gm
sinh mpB�1ÿ Y �� �

sinh�mpB� sin�mpX � �14b�

h3 �
X1
m�1

Gm
sinh mp

B �1ÿ X �ÿ �
sinh�mp

B �
sin mpY� � �14c�

and

Gm � 2 1� ÿ � ÿ 1�m�=mp: �14d�

Comparison between the numerical predictions and the
analytical solutions for the axial velocity distribution of the
fully developed ¯ows is shown in Table 3 for several typical
cases. The numerical solutions for the developing ¯ows pre-
cisely approach the fully developed solutions downstream.

In this study, the main stream moves upward; however, as
¯ow reversal takes place, a descending plume is formed along
the surfaces of the colder walls. The bi-directional ¯uid motion
inside the duct may lead to ¯ow instability. In that case, a
signi®cant change in heat transfer behavior may be caused by
the ¯ow reversal, and hence, prediction of the occurrence of
the ¯ow reversal is relevant to the thermal management for the
related systems. Therefore, of particular interest is the criterion
for ¯ow reversal to occur. The above velocity solutions re¯ect
the in¯uence of the buoyancy parameter Gr=Re and the aspect
ratio B on the ¯ow pattern. Calculated with these equations,
the parameter zones in which the reversed ¯ow may take place
are predicted and shown in Fig. 11. In this ®gure, the hatched
curves indicate the critical lines for the ¯ow reversal to occur.
For each heating condition, when the value of B is ®xed, the
¯ow reversal takes place as long as the ratio Gr=Re exceeds a
threshold value. If the values of B is elevated, the threshold
value of Gr=Re is increased. This is consistent with the results
given in Table 2. The threshold values may be di�erent for
di�erent heating conditions. In general, it is lower for Case c
than for the other three cases. This implies that under the
heating condition Case c, ¯ow reversal is more likely to take
place.

4. Concluding remarks

The buoyancy-induced three-dimensional ¯ow reversal and
heat transfer in the entrance region of a vertical rectangular
ducts have been studied numerically. Parabolic boundary-
layer model and the FLARE approximation are adopted to
predict the ¯ow and thermal ®elds. Meanwhile, analytical
solutions for the fully developed ¯ows under various heating

Table 3

Comparison between numerical and analytical solutions for the fully

developed ¯ows, at B � 1 and Pr � 0:71

Fig. 11. Reversed ¯ow zones for various heating conditions.
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conditions are presented, and the criteria for the ¯ow reversal
to occur are given based on the fully developed ¯ow
solutions.

It is found that the strength and the extent of the reversed
¯ow are dependent on the buoyancy parameter Gr=Re, the
cross-sectional aspect ratio B, and the Prandtl number Pr. At a
®xed value of B, the ¯ow reversal takes place when the ratio
Gr=Re exceeds a threshold value. The threshold value is a
function of the physical parameters and the heating condition.
In this study, four possible asymmetric heating conditions
(Cases a±d) are considered. The threshold value is lower for
Case c than for the other three cases. In general, the threshold
value increases with the aspect ratio B.

The point of separation is found to be closer to the inlet for
the ¯uid with a lower Prandtl number. Furthermore, a lower
Prandtl number leads to a thicker thermal boundary layer in
the entrance region and hence, reduces the local heat transfer
rate on the walls.

Numerical solutions for the developing ¯ow obtained in
this study agree closely with the elliptic-model solutions, and
precisely approach the fully developed solutions down-
stream.
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